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FUNDAMENTAL INVARIANTS OF 2–NONDEGENERATE CR
GEOMETRIES WITH SIMPLE MODELS
JAN GREGOROVICˇ
Abstract. This article studies the fundamental invariants of 2–nondegenerate
CR geometries with simple models. We show that there are two sources of these
invariants. The first source is the harmonic curvature of the parabolic geometry
that appears (locally) on the leaf space of the Levi kernel. The second source
is the difference between the complex structure on the complex tangent space
of the CR geometry and the complex structure on the correspondence space
to the underlying parabolic geometry. We show that the later fundamental
invariants appear only when the model is generic and if they vanish, then the
solution of the local equivalence problem of 2–nondegenerate CR geometries
with simple models is provided by the Cartan connection of the underlying par-
abolic geometry. We show that nontrivial examples of CR geometries with the
later fundamental invariants can be obtained as deformations of the models.
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1. Introduction
A way toward the solution of the problem of the biholomorphic equivalence for
real submanifolds in the complex space is to compare the induced CR geometries
with appropriate model CR geometries. In the case of the Levi–nondegenerate real
hypersurfaces in CN , the maximally symmetric models are quadrics that can be
identified (depending on the signature) with (the CR geometries on) the homoge-
neous spaces G/H = SU(p + 1, N − p)/P , where SU(p + 1, N − p) is the (real
simple) CR automorphism group of the quadric and the stabilizer P is a particular
parabolic subgroup of SU(p + 1, N − p). The difference between a hypersurface
and the model SU(p+ 1, N − p)/P is measured by invariants, i.e., quantities and
tensors that depend only on the hypersurface and the chosen point. Among all the
invariants there is a distinguished class of fundamental invariants that provide all
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the necessary invariants for the solution of the equivalence problem using invari-
ant differentiation. The fundamental invariants for N = 2 were found by Cartan
[Ca32] and for N > 2, by Tanaka [Ta62, Ta70, Ta76] and Chern and Moser [CM74].
These invariants have a uniform description as harmonic curvatures in the theory
of parabolic geometries, see [CˇS09, Section 4.2]. The theory of harmonic curvatures
of parabolic geometries provides all fundamental invariants of Levi–nondegenerate
CR submanifolds with semisimple models, c.f. [MS98, CˇS09, SS00, SS12].
In [Gr19], we solved an equivalence problem for a class of Levi–degenerate real
submanifolds in CN , i.e., CR geometries with non–trivial Levi kernel, that have
maximally symmetric models with real simple CR automorphism groups. We
proved in [Gr19, Theorem 1.1] that the structure of the maximally symmetric mod-
els is related to the theory of parabolic geometries. We recall the details about
(semi)simple Lie group, their parabolic subgroups, and parabolic geometries in
Section 2. In particular, if the homogeneous space G/H is the maximally symmet-
ric model for the real simple CR automorphism group G, then there is a parabolic
subgroup P of G such that the leaves of the Levi kernel can be identified with a
(noneffective) pseudo–Hermitian symmetric space P/H , i.e., G/P is the leaf space
of the Levi kernel. Moreover, if we denote by
(g−k ⊕ · · · ⊕ g−1)⊕ (g0 ⊕ · · · ⊕ gk) = g− ⊕ p
the grading of the Lie algebra g of G that corresponds to P , then the Levi kernel
can be simultaneously identified:
(1) with the−1–eigenspace k of symmetries at the origin of the pseudo–Hermitian
symmetric space P/H ,
(2) with subset k of elements of g0 that are complex antilinear w.r.t. a complex
structure I on g−1, i.e., the CR geometry is 2–nondegenerate with second–
order Levi–Tanaka algebra (g−, I, k).
We recall the details about these identifications and the method of how to assign a
second–order Levi–Tanaka algebra (g−, I, k) to each point of a Levi–degenerate real
submanifolds in CN in Section 3. The second–order Levi–Tanaka algebra (g−, I, k)
generalizes the usual Levi–Tanaka algebra (g− ⊕ k, I) of a CR geometry by adding
data about the complex antilinear action of the Levi kernel k on the quotient g−1
of complex tangent space by the Levi kernel.
In this article, we look on the fundamental invariants of 2–nondegenerate CR
geometries (M,D, I) that have at each point the same second–order Levi–Tanaka
algebra (g−, I, k) corresponding to some maximally symmetric model G/H with
simple real G.
We show in Proposition 5.2 that the relation to parabolic geometries goes beyond
models and that we can always find an underlying parabolic geometry of type
(G,P ). This underlying geometry is uniquely determined by the CR geometry
with exception of the class of CR geometries that we discuss in Section 7, where we
need to choose the flat underlying parabolic geometry for our further consideration.
We show in Theorems 6.1 and 7.1 that the underlying parabolic geometry pro-
vides a (different) 2–nondegenerate CR geometry (M,D, I˜) onM with second–order
Levi–Tanaka algebra (g−, I, k). The comparison of (M,D, I˜) with (M,D, I) allows
us to characterize all fundamental invariants of 2–nondegenerate CR geometries
with simple models. In particular, all fundamental invariants can be derived from
the difference I − I˜ and the fundamental invariants of the underlying parabolic
geometries the so–called harmonic curvatures. It turns out that several different
situations arise depending on the genericity of the second–order Levi–Tanaka al-
gebra (g−, I, k), i.e., depending on whether the assumption that the Levi–Tanaka
algebra is the same at each point is trivially satisfied on an open neighborhood of
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each point with Levi–Tanaka algebra (g−, I, k) or not. In particular, if (g−, I, k)
is not generic then we show in Theorems 6.1 and 7.1 that I˜ = I and the fun-
damental invariants are only the harmonic curvatures. We show in Theorem 5.1
that not every harmonic curvature can appear as a fundamental invariant of a 2–
nondegenerate CR geometry, because some harmonic curvatures provide obstruc-
tion for the (formal) integrability of the CR geometry, i.e., they appear only on
almost CR geometries that can not be embedded into CN . We obtain the following
classification of fundamental invariants:
(1) The case of five–dimensional 2–nondegenerate CR submanifolds in C3 has
two fundamental invariants. This is the only well–know case, c.f. [Eb06,
IZ13, Poc13, KK19], and we discuss it in the Appendix.
(2) The case of seven–dimensional 2–nondegenerate CR submanifold in C5 has
two fundamental invariants. We show in Section 6 (together with explicit
example) that one of them is given by the difference I˜ − I and if this
invariant vanishes, then the other invariant is the harmonic curvature of
the underlying (2, 3, 5) geometry, i.e., the model has the exceptional Lie
group G2(2) as its CR automorphism group.
(3) The case of N2+N − 1–dimensional 2–nondegenerate CR submanifolds in
C
N(N+1)
2 with (N − 1)N–dimensional Levi–kernel, for N > 2, has several
fundamental invariants induced by the derivations of the difference I˜ − I,
see Theorem 7.1 and example in Section 7. If they vanish, then the CR
geometry corresponds (locally) to an open subsets in G/H .
(4) There is a class of cases described in Theorem 5.1 that have the harmonic
curvatures of the underlying parabolic geometry as the only fundamental
invariants. Let us remark that in the case su(p, 4−p) we obtained stronger
results than in [Por15], where the author obtains (due to the choice of
normalization) the fundamental invariants but not the Cartan connection.
(5) The remaining cases admit no fundamental invariants, i.e., the CR geome-
tries correspond (locally) to open subsets in G/H .
We show that in the cases (1) and (3) from the above list, we can in the principle
find (locally) all 2–nondegenerate CR geometries of that type by deforming the
complex structure I˜ coming from the maximally symmetric model. However, in the
case (3) the PDE’s that are imposed by the (formal) integrability on the admissible
deformations are too complicated to be solved (by PDE solver in Maple software),
see also the example in Section 7. On the other hand, in the case (1), we provide
in Appendix all admissible deformations of the flat model.
2. Parabolic geometries and gradings of Lie algebras
In this section, we review the structure theory of the (regular) parabolic geome-
tries from [CˇS09].
Let us recall that each pair of a (semi)simple Lie group G and its parabolic
subgroup P is related to a |k|–grading of the Lie algebra g of G, i.e., to a direct
sum decomposition g = g−k ⊕ · · · ⊕ gk such that [gi, gj ] ⊂ gi+j with the following
properties:
(1) p = g0 ⊕ · · · ⊕ gk is the Lie algebra of P preserving the filtration
gi := gi ⊕ · · · ⊕ gk
for i ≤ k, i.e., [p, gi] ⊂ gi.
(2) There is a set of simple roots Σ such that root spaces gα ⊂ g1, g−α ⊂ g−1
and gβ ⊂ g0 for simple roots α ∈ Σ, β /∈ Σ generate the whole grading. In
particular, the g0–module g−1 generates the whole negative part g− of the
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grading and the length k of the grading can be determined from the highest
root.
(3) There is a subgroupG0 of P of grading preserving elements with Lie algebra
g0 and exp(p+) is the nilradical of P with Lie algebra p+ = g1 ⊕ · · · ⊕ gk.
Moreover, P = G0 ⋊ exp(p+).
The parabolic geometries form a class of geometric structures on smooth mani-
folds that do not have much in common on a first glance. However, the problem of
equivalence of (regular) parabolic geometries has a common solution using a (nor-
mal) Cartan connection ω˜ of type (G,P ), where G is semisimple Lie group and P
is its parabolic subgroup. Let us recall that a Cartan geometry (G → N, ω˜) on a
smooth manifold N of type (G,P ) is
(1) a principal P–bundle G over N ,
(2) a g–valued P–equivariant absolute parallelism ω˜ on G that reproduces the
fundamental vector fields of the P–action and provides isomorphism TN ∼=
G ×P g/p.
The Cartan connection is called normal if the curvature
κ(X,Y ) := [X,Y ] + ω([ω−1(X), ω−1(X)])
for X,Y ∈ g/p satisfies ∂∗κ = 0 for the Kostant’s codifferential
∂∗ : ∧2(g/p)∗ ⊗ g→ (g/p)∗ ⊗ g
that is defined for dual bases (w.r.t. Killing form of g) of Xi of g/p and Zi of p+ as
∂∗(Ω)(X) :=
∑
i
2[Zi,Ω(X,Xi)]− Ω([Zi, X ], Xi).
The parabolic geometry is called regular if the curvature κ has only components
of positive homogeneity w.r.t. the grading, i.e., for X ∈ gi and Y ∈ gj, i, j < 0 is
κ(X,Y ) ∈ gi+j+1. The fundamental invariants of regular parabolic geometries are
the harmonic curvatures, i.e., the components of κ in Ker(∂∗)/Im(∂∗).
The quotients gi/p define distinguished distributions on N and G0–invariant
objects define distinguished geometric structures on
T−1N := G ×P g−1/p.
The case of Levi–nondegenrate CR hypersurfaces in CN is typical example of regular
parabolic geometry (of type (SU(p + 1, N − p), P1,N ) for the set Σ = {α1, αN} of
simple roots (with ordering from [CˇS09])). In this case, T−1N = D is the complex
tangent space and G0 = CSU(p,N − p − 1) preserves the complex structure I on
the complex tangent space and the Levi bracket. The negative part of the grading
g− corresponding to a contact distribution is in this case the Heisenberg algebra
and provides the Levi–Tanaka algebra (g−, I).
There are several ways how to describe the underlying geometric structures of
the parabolic geometries in detail. We recall in Section 4 a description that is
applicable also for the 2–nondegenerate CR geometries with simple models.
3. 2–nondegenerate CR geometries and bigradings of Lie algebras
In this section, we recall the relevant results on 2–nondegenerate CR geometries
with simple models from [Gr19].
For a submanifoldM inCN , we consider the corresponding CR geometry (M,D, I),
where
D := TM ∩ i(TM)
is the complex tangent space and I is the complex structure on D induced by
multiplication by i on TCN . We denote by K the Levi kernel, i.e., the maximal
complex subspace of D such that [K,D] ⊂ D. Then we proceed with a choice of a
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(local) frame ofD/K and assume that it identifies (pointwise)D/K with g−1. Unlike
in the construction of Levi–Tanaka algebra, we do not pick frame of D, because
the 2–nondegeneracy can be characterized according to [Fr74, Fr77] by existence of
(local) frame of D/K satisfying the condition (2) of the following definition:
Definition 1. We can say that (M,D, I) is a 2–nondegenerate CR geometry with
second–order Levi–Tanaka algebra (g−, I, k) if there is a (local) frame of D/K such
that:
(1) the graded Lie algebra defined (via the Lie bracket of vector fields) itera-
tively as
g−i := [g−i+1, g−1] mod g−i+1
is at each point isomorphic to g−,
(2) the complex antilinear part of the bracket
[K,D/K] ⊂ D/K
defines at each point x ∈ M bijection of Kx with a subspace k ⊂ gl(g−1)
consisting of complex antilinear endomorphisms of g−1 for complex struc-
ture I on g−1 induced by I.
Let us remark that (g− ⊕ k, I) is the usual Levi–Tanaka algebra of such a CR
geometry and that the inclusion k ⊂ gl(g−1) contains the additional information
about the Levi kernel (that is of the second–order w.r.t. to the Levi bracket).
Let us recall how to find the (local) frame of D/K that has properties from
Definition 1 and how to decide whether the CR geometry is 2–nondegenerate with
second–order Levi–Tanaka algebra (g−, I, k). Since the Lie bracket of sections of
D is algebraic modulo D, the Levi kernel K is characterized by linear equations in
an arbitrary chosen (local) frame of D. Therefore, we can easily choose a frame
of D decomposing to the frame of D/K and frame of K. Therefore, iterating the
brackets of sections of D, we obtain the algebraic brackets [g−i+1, g−1] mod g−i+1
that are independent (up to isomorphisms) on the choice of the frame of D. Of
course, if the Levi–Tanaka algebra (g− ⊕ k, I) is not generic, then the algebraic
brackets depend on the point of M and we need to assume that they are all the
same. Then we can choose the frame of D/K such that we obtain the same Lie
algebra g− at all points of M . Next, we check the 2–nondegeneracy condition (2)
in the Definition 1 and obtain (pointwise) inclusion of K into gl(g−1). Of course, if
the second–order Levi–Tanaka algebra (g−⊕ k, I) is not generic, then the inclusions
depend on the point of M and we need to assume that they are all the same. Then
we can change the frame of D/K without changing g− (i.e. by a function with
values in grading preserving automorphisms of g−) such that we obtain the same
subspace k of gl(g−1) at all points of M .
We have proved in [Gr19] that the second–order Levi–Tanaka algebras (g−, I, k)
corresponding to CR geometries with simple models G/H are related to specific
bigradings of complex simple Lie groups. In particular, the second–order Levi–
Tanaka algebra is uniquely determined by:
(1) a simple real Lie algebra g,
(2) a set of simple roots Σ1 providing grading g−k ⊕ · · · ⊕ gk = g− ⊕ p of g,
which provides g−,
(3) a Hermitian symmetric pair (g0, g0,I) such that g0,I acts on g−1 by a com-
plex representation, I is defined as ±i on irreducible components of g−1,
where the signs are assigned in a way that
[I(X), I(Y )] = [X,Y ]
for all X,Y ∈ g−1, which provides I and k,
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(4) a set of simple roots Σ2 providing grading of the complexification of g such
that the corresponding bigrading ga,b of the complexification of g given by
Σ1,Σ2 satisfies
g0,I ⊗ C = g0,0
g0 ⊗ C = g0,−1 ⊕ g0,0 ⊕ g0,1
g−1 ⊗ C = g−1,−1 ⊕ g−1,0
g−2 ⊗ C = g−2,−1.
Let us emphasize that according to [Gr19, Theorem 1.3] the Hermitian symmetric
pair from above point (3) provides a set of simple roots Σ2 from above point (4),
but the converse is not always true, because there can be more real forms g0,I of
g0,0 defining a Hermitian symmetric pair (g0, g0,I). Therefore, the Tables 1 and 2
obtained in [Gr19, Theorem 1.3] contain the information about g,Σ1,Σ2 and about
the connected components g′0,I of g0,I that are not connected components of g0.
Table 1. Classification of classical simple maximally symmetric
models of 2–nondegenerate CR geometries
g Σ1 restrictions
g′0,I Σ2
sl(n+ 1,R) {αr, αr+2s}
gl(s,C) {αr+s}
sl(n+ 1,H) {α2r, α2s}
gl(s− r,C) {αr+s}
su(p, n+ 1− p) {αr, αn−r} r < s < n− r
su(q, s− r − q)⊕ u(p− r − q, n+ 1− p− s+ q) {αs} 0 ≤ q < s− r
so(p, 2n+ 1− p) {αr, αr+2}
so(2) {αr+1}
so(p, 2n− p) or so∗(2n) {αr, αr+2} r < n− 3
so(2) {αr+1}
so(p, q) or so∗(2n) {α2}
so(2) {α1}
so(p, 2n− p) {αp−2q} 1 < p− 2q < n− 1
u(q, n− p+ q) {αn} 0 ≤ q
so∗(2n) {αr} r < n− 1
u(p, n− r − p) {αn}
so(n, n), so(n− 1, n+ 1) or so∗(4m+ 2) {αn−3, αn−1, αn} n = 2m+ 1
so(2) {αn−2}
sp(2n,R) {αr} 0 ≤ p
u(p, n− r − p) {αn}
sp(p, n− p) {αr}
u(p− r, n− p− r) {αn}
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Table 2. Classification of exceptional simple maximally symmet-
ric models of 2–nondegenerate CR geometries
g Σ1 Σ2 g
′
0,I
g2(2) {α1} {α2} so(2)
f4(4) {α2} {α1} so(2)
f4(4) {α1, α3} {α2} so(2)
e6(6) {α2} {α1} so(2)
e6(2) {α6} {α1} so(2)⊕ u(2, 3)
e6(−14) {α6} {α1} so(2)⊕ u(5)
e6(6) {α3} {α6} so(2)
e6(2) {α3} {α6} so(2)
e6(6) {α1, α3} {α2} so(2)
e6(6) {α2, α4, α6} {α3} so(2)
e6(2) {α2, α4, α6} {α3} so(2)
e7(7) {α2} {α1} so(2)
e7(−5) {α2} {α1} so(2)
e7(−25) {α2} {α1} so(2)
e7(7) {α5} {α6} so(2)
e7(−5) {α5} {α6} so(2)
e7(7) {α6} {α1} so(2)⊕ so(4, 4)
e7(−25) {α6} {α1} so(2)⊕ so(1, 7)
e7(7) {α1, α3} {α2} so(2)
e7(7) {α2, α4} {α3} so(2)
e7(−5) {α2, α4} {α3} so(2)
e7(7) {α4, α6} {α5} so(2)
e7(−5) {α4, α6} {α5} so(2)
e7(7) {α3, α5, α7} {α4} so(2)
e8(8) {α2} {α1} so(2)
e8(−24) {α2} {α1} so(2)
e8(8) {α6} {α7} so(2)
e8(8) {α5} {α8} so(2)
e8(8) {α1, α3} {α2} so(2)
e8(−24) {α1, α3} {α2} so(2)
e8(8) {α2, α4} {α3} so(2)
e8(8) {α3, α5} {α4} so(2)
e8(8) {α5, α7} {α6} so(2)
e8(8) {α4, α6, α8} {α5} so(2)
Let us recall the solution of equivalence problem for the CR geometries with
second–order Levi–Tanaka algebra corresponding to our classification we obtained
in [Gr19, Theorem 1.4].
Theorem 3.1. Suppose G/H = G/G0,I ⋊ exp(p+) is a homogeneous model of
2–nondegenerate CR submanifold with second–order Levi–Tanaka algebra (g−, I, k)
corresponding to one of the entries in Tables 1 and 2. Then there are G0,I–invariant
normalization conditions that provide equivalence of categories between
• the category of 2–nondegenerate CR geometries (M,D, I) with second–order
Levi–Tanaka algebra (g−, I, k),
• the category of H–fiber bundles G → M with a G0,I–invariant g–valued
absolute parallelism ω satisfying the normalization conditions.
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In particular, dim(g) bounds the dimension of Lie algebra of infinitesimal CR au-
tomorphisms of all 2–nondegenerate CR geometries with second–order Levi–Tanaka
algebra (g−, I, k) and G/H is the maximally symmetric model.
We recall further details on the above solution of the equivalence problem and
the normalization conditions in the next section.
4. Weyl structures and underlying geometric structures
There is a common construction of a parabolic geometry (G → N, ω˜) of type
(G,P ) and the absolute parallelism ω on the H–fiber bundle G →M starting with
an appropriate underlying geometric structure. This involves the so–called Weyl
structures, i.e., sections of
σ : G0 := G/ exp(p+)→ G
that are equivariant for the structure group G0 on G0 in the case of parabolic ge-
ometries or the structure group G0,I on G0 in the case of 2–nondegenerate CR
geometries with simple models. If we decompose the pullbacks σ∗ω˜ and σ∗ω ac-
cording to the grading (or bigrading if we complexify σ∗ω), then the parts that do
not depend on the choice of the Weyl structure provide a distinguished underlying
geometric structure that we use as the starting point in the construction of ω˜ and
ω. In this article, we will not need the explicit formulas how σ∗ω˜ and σ∗ω depend
on the choice of the Weyl structure, which can be found in [CˇS09, Sector 5.1] and
[Gr19, Section 4.2].
In the case of parabolic geometries, we start with the so–called pseudo–G0–
structures of type g−, see [CˇS09, Section 3.1]:
Definition 2. A pseudo–G0–structure of type g− (a regular infinitesimal flag struc-
ture of type (G,P ) in terminology of [CˇS09]) on a manifold N is a principal G0–
bundle G0 over N together with filtration
T−kG0 ⊃ · · · ⊃ T−1G0 ⊃ T 0G0
and collection of G0–equivariant pseudo one–forms
θi : T
iG0 → gi
for i < 0 with the following properties:
(1) T 0G0 is the vertical bundle,
(2) Ker(θi) = T
i+1G0,
(3) θi|T iG0/T i+1G0 is isomorphism,
(4) the Lie bracket of sections ν of T iG0 and ξ of T jG0 for i, j < 0 is a section
of T i+jG0 and for i + j ≥ −k holds
θi+j([ν, ξ]) = [θi(ν), θj(ξ)],
(5) there is an extension of θi to g−–valued one–forms on TG0 such that (4)
holds for the extensions modulo gi+j+1.
In the situations corresponding to our classification, we can distinguish the fol-
lowing three situations with respect to the underlying geometric structure required
by the construction of ω˜ using the normalization condition
∂∗κ = 0
for the curvature κ of ω˜:
(1) the parabolic geometries of type (Sp(2N,R), P1) (the so–called contact pro-
jective geometries) that are determined by a choice of a class of (partial)
Weyl connections on T−1N , which correspond to complements of vertical
bundle in T−1G0 given by σ∗ω˜−1(g−1) for all Weyl structures σ,
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(2) the parabolic geometries such that k = 2, dim(g−2) = 1 or with type
(Sl(N + 1,R), P1,i) that are determined by the pseudo–G0–structure of
type g−,
(3) the remaining parabolic geometries that are determined by the distribution
T−1N , i.e., the pseudo–G0–structure G of type g− is just the bundle of
frames of T−1N with the canonical soldering pseudo one–forms.
Let us recall that the Tanaka prolongation described in [Ta70] provides an alter-
native construction of ω˜ starting with the pseudo–G0–structures of type g− (with
an additional reduction of the first prolongation in the case of contact projective
structures) and there are also other prolongation procedures for parabolic geome-
tries summarized in [CˇS09, Appendix A].
In the case of 2–nondegenerate CR geometries with simple models, we start with
the so–called infinitesimal pseudo–g0–structure of type g−, see [Gr19, Section 4.1].
Definition 3. An infinitesimal pseudo–g0–structure of type g− on the principal
G0,I–bundle G0 of complex frames of D/K is a collection of pseudo one–forms
θi : T
iG0 → gi
for i < 0 on a filtration
T−kG0 ⊃ · · · ⊃ T−1G0 ⊃ T 0G0
with the following properties:
(1) T 0G0 is integrable bundle with transitive infinitesimal g0–action, which can
be extended to TG0 in a way that all θi are g0–equivariant,
(2) Ker(θi) = T
i+1G0,
(3) θi|T iG0/T i+1G0 is isomorphism,
(4) the Lie bracket of sections ν of T iG0 and ξ of T jG0 for i, j < 0 is a section
of T i+jG0 and for i + j ≥ −k holds
θi+j([ν, ξ]) = [θi(ν), θj(ξ)],
(5) there is an extension of θi to g−–valued one–forms on TG0 such that (4)
holds for the extensions modulo gi+j+1.
Let us emphasize that the transitive infinitesimal g0–action on the principalG0,I–
bundle G0 of complex frames of D/K does not appear automatically and we proved
its existence and uniqueness in [Gr19, Proposition 4.2] for the 2–nondegenerate CR
geometries (M,D, I) with second–order Levi–Tanaka algebra (g−, I, k) correspond-
ing to one of the cases from Tables 1 and 2. In particular, according to [Gr19,
Proposition 4.2], the infinitesimal pseudo–g0–structure of type g− on the principal
G0,I–bundle G0 of complex frames of D/K is obtained by normalizing the compo-
nents of homogeneity 0, 1 w.r.t. to the gradings given by Σ1,Σ2 of complexification
of d(σ∗ω) + [σ∗ω, σ∗ω] evaluated on elements of σ∗ω−1(g).
We need to emphasize that the infinitesimal pseudo–g0–structure of type g−
does not allow, in general, to reconstruct the whole complex structure I on D,
it only provides the complex structures on K and D/K. This is reflected in the
normalization conditions in the construction of ω, where we need to assume that
the restriction of σ∗ω to T−1G0 → g−1/(g0,I ⊕ p+) is complex linear and then
proceed with further normalization conditions on components of (complexification
of) d(σ∗ω) + [σ∗ω, σ∗ω]. Let us remark that in the case sp(2N,R),Σ1 = {1},
this provides an additional reduction of the slight generalization of the first Tanaka
prolongation to the infinitesimal pseudo–g0–structure of type g− described in [Gr19,
Section 4.1].
At first glance, the properties (1) are the only difference between the pseudo–
G0–structure and the infinitesimal pseudo–g0–structure, i.e., the g0–action does
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not have to be integrable to G0–action. However, we need to emphasize that the
normalization conditions mentioned in the above constructions of ω and ω˜ are not
compatible, in general.
5. Underlying parabolic geometries and the CR geometry on the
correspondence space
There is a known construction of infinitesimal pseudo–g0–structure of type g−
from a parabolic geometry of type (G,P ). If we start with the normal, regular
parabolic geometry (G → N, ω˜) of type (G,P ) corresponding to one of the cases
from Tables 1 and 2, where P = G0 exp(p+), then
G0 := G/ exp(p+)
is principal G0,I–bundle over
M := G/G0,I exp(p+)
and σ∗ω˜ induces a pseudo–g0–structure of type g− on G0 →M that is independent
of the choice of Weyl structure σ. However, in general, this determines only an
almost CR geometry with second–order Levi–Tanaka algebra (g−, I, k) onM , which
we call the almost CR structure on the correspondence space M .
Theorem 5.1. The 2–nondegenerate almost CR structure (M,D, I˜) on the corre-
spondence space G/G0,I exp(p+) of a regular, normal parabolic geometry (G → N, ω˜)
of type (G,P ) corresponding to one of the cases from the Tables 1 and 2 is (for-
mally) integrable if and only if one of the following claims holds:
(1) the parabolic geometry is flat and there,
(2) the type of parabolic geometry is listed in the Table 3 and the harmonic
curvature is nontrivial only in the specified components.
If (1) holds, then there are no fundamental invariants and if (2) holds, then
the fundamental invariants of the CR geometry are provided by the component of
the complexification of the admissible harmonic curvature in the g0,0–submodule
containing the of lowest weight vector.
Table 3. Classification of fundamental invariants corresponding
to harmonic curvatures
g Σ1 harm. cur.
g′0,I Σ2 restrictions
sl(4,R) {α1, α3} (1, 2), (3, 2)
so(2) {α2}
sl(n+ 1,R) {α1, α3} (1, 2)
so(2) {α2} n > 3
su(p, 4− p) {α1, α3} (1, 2), (3, 2)
u(p, 2− p) {α2}
so(3, 4) {α1, α3} (3, 2)
so(2) {α2}
so(p, q) or so∗(2n) {α2} (2, 1)
so(2) {α1} p+ q > 5
sp(2n,R) or sp(p, p+ 1) {αn−1} (n− 1, n)
so(2) {αn} n = 2p+ 1
g2(2) {α1} (2, 1)
so(2) {α2}
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Proof. Let us start with regular, normal parabolic geometry (G → N, ω˜) of type
(G,P ) corresponding to one of the cases from the Tables 1 and 2. Then on the
correspondence spaceM = G/G0,I exp(p+) with second–order Levi–Tanaka algebra
(g−, I, k), we have the distribution
D ∼= G ×G0,I exp(p+) (g−1/(g0,I ⊕ p+))
and complex structure I˜ induced via ω˜ by the complex structures on g−1⊕ k. This
is only an almost CR structure, because the bundles
D10 ∼= G ×G0,I exp(p+) ((g−1,−1 ⊕ g0,−1 ⊕ g0,0 ⊕ p+ ⊗ C)/(g0,0 ⊕ p+ ⊗ C)
and
D01 ∼= G ×G0,I exp(p+) ((g−1,0 ⊕ g0,1 ⊕ g0,0 ⊕ p+ ⊗ C)/(g0,0 ⊕ p+ ⊗ C)
do not have to be integrable.
Let us recall that Ker(∂∗)/Im(∂∗) decomposes into irreducible g0–modules and
the lowest weight space
g∗−αi ⊗ g∗−sαjαi ⊗ g−sαj sαiλ
of each g0–module is determined by an ordered pair of numbers (i, j), where s is the
reflexion in the root lattice and λ is the highest root. Since we view the complex-
ification harmonic curvature on the fibres isomorphic to G0/G0,I , the component
of harmonic curvature in g0,0–submodule containing the lowest weight vector is
enough to determine the full harmonic curvature.
The regularity restricts the possible pairs (i, j) and the full classification can be
found for example in [KT17, Appendix C]. Thus we can compute the bigrading
components of the lowest weight space g∗−αi ⊗ g∗−sαjαi ⊗ g−sαj sαiλ for the cases in
our tables. There are only several cases that can appear:
If there is nontrivial haramonic curvature in components g∗−1,0 ⊗ g∗−1,0 ⊗ g−1,−1
or g∗−1,0 ⊗ g∗−1,0 ⊗ g0,−1, then there are points in the fiber that have curvature in
these g0,0–submodules, which are clearly obstructions to integrability.
Otherwise, if there is nontrivial haramonic curvature in components g∗−1,0 ⊗
g∗a,−1 ⊗ gb,c for a < 0, then it follows by the general results on the reconstruction
of the curvature κ from the harmonic curvature via splitting operators, c.f. [CˇS17,
Section 3.3], that the components of curvature g∗−1,0 ⊗ g∗−1,0 ⊗ g−1,−1 or g∗−1,0 ⊗
g∗−1,0 ⊗ g0,−1 vanish and thus the CR geometry is (formally) integrable. 
Therefore if we prove an existence and uniqueness of the underlying parabolic
geometry, then we can compare the CR geometry (M,D, I) with the CR geometry
on the correspondence space. For this we need to distinguish the sp(2N,R),Σ1 =
{1} case from the other cases.
Proposition 5.2. Let (M,D, I) be a 2–nondegenerate CR geometry with second–
order Levi–Tanaka algebra (g−, I, k) corresponding to one of the cases from Tables
1 and 2 different from sp(2N,R),Σ1 = {1}. Then for each x ∈ M , there is a
neighborhood U of x and Cartan geometry (G → N, ω˜) of type (G,P ) on the leaf
space U → N with leafs corresponding to integral manifolds of the Levi kernel K such
that the infinitesimal pseudo–g0–structure of type g− on U is isomorphic to an open
subset of the infinitesimal pseudo–g0–structure of type g− on the correspondence
space G/G0,I exp(p+) induced by ω˜.
Proof. Firstly, we can choose a neighborhood U of x in such a way that the leaf
space U → N exists and the bundle G0 of complex frames of D/K is trivial over U .
Further, we shrink U such that fundamental fields of the infinitesimal g0–action on
G0 identify G0 over U with an open subset ofN×G0. Using the G0–action we obtain
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a pseudo–G0–structureN×G0 of type g− on N that coincides with the infinitesimal
pseudo–g0–structure of type g− on G0. So as we reviewed in the previous section, we
obtain a unique underlying parabolic geometry of type (G,P ) and the description
of correspondence spaces from [CˇS09, Sections 1.5.13 and 1.5.14] translate into the
statement of the proposition. 
Let us emphasize that the Cartan geometry (G → N, ω˜) of type (G,P ) from
Proposition 5.2 provides the same complex structure I˜ on every T−1U and thus a
complex structure I˜ on D.
6. Fundamental invariants in the general case
In this section, we compare the complex structure I on D with the complex
structure I˜ on D provided by the underlying parabolic geometry from the previous
section. This allows us to obtain the fundamental invariants for all cases except
sp(2N,R),Σ1 = {1}.
Theorem 6.1. Let (M,D, I) be a 2–nondegenerate CR geometry with second–order
Levi–Tanaka algebra (g−, I, k) corresponding to one of the cases from the Tables 1
and 2 different from sp(2N,R),Σ1 = {1}. If g 6= g2(2), then
(1) I and I˜ coincide.
(2) There is a Cartan connection ω of type (G,G0,I exp(p+)) solving the equiv-
alence problem of CR geometries with second–order Levi–Tanaka algebra
(g−, I, k).
(3) The Cartan connection can be non flat in cases from Table 3 that charac-
terizes all fundamental invariants.
(4) The second–order Levi–Tanaka algebra (g−, I, k) is not generic.
If g = g2(2), then
(1) the difference I − I˜ is uniquely determined by a section G of
G0 ×G0,I g∗−1,−1 ⊗ g0,1
that depends on one complex function G1¯11 that is antiholomorphic along
the leaves of the Levi kernel.
(2) The function G1¯11 and the harmonic curvature of the underlying (2, 3, 5)
geometry are the only fundamental invariants.
(3) This is a generic case of seven–dimensional submanifolds in C5 with two–
dimensional Levi kernel.
Proof. Suppose that I˜ is the complex structure on D corresponding to the un-
derlying regular parabolic geometry (G → N, ω˜) of type (G,P ). Without loss of
generality, we assume that ω is an absolute parallelism on G solving the equivalence
problems for the 2–nondegenerate CR geometry with second–order Levi–Tanaka
algebra (g−, I, k) constructed in [Gr19, Section 4.2] for a pullback by a Weyl struc-
ture σ of the underlying parabolic geometry. We compare the complexifications
σ∗ω and σ∗ω˜ with respect to the bigrading ga,b given by the sets Σ1,Σ2 from the
Tables 1 and 2.
We have shown in [Gr19, Section 4.2] that σ∗(ω˜ − ω) has positive homogeneity
w.r.t. the first of the gradings and thus I and I˜ coincide on K and D/K. If we
consider a complex frame Li of
σ∗ω˜−1(g−1,−1 ⊕ (p+ ⊗ C))
on complefication of TG0 given by a choice of basis of g−1,−1, then we can write
each element of
σ∗ω˜−1(g0,1 ⊕ (p+ ⊗ C))
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on complefication of TG0 as a linear combination of nilpotent elements K¯ij¯ corre-
sponding to elements of gl(g−1,0 ⊕ g−1,−1) mapping Li onto L¯j¯, where L¯j¯ is the
conjugated basis of σ∗ω˜−1(g−1,0 ⊕ (p+ ⊗ C)). Then we can write
Li +G(Li) = Li +G
j¯
ikK¯
k
j¯
for the corresponding complex frame of σ∗ω−1(g−1,−1⊕(p+⊗C)), where Gj¯ik defines
a section G of
G0 ×G0,I g∗−1,−1 ⊗ g0,1 ⊂ g∗−1,−1 ⊗ g∗−1,−1 ⊗ g−1,0,
because [La, K¯
a
j¯
] = L¯j¯. In order to have the integrability of the CR geometry, we
need to check that [La+G(La), Lb+G(Lb)] and [La+G(La),K
b¯
c ] are contained in
σ∗ω−1(g−1,−1 ⊕ g0,−1 ⊕ g0,0 ⊕ (p+ ⊗ C)).
If we decompose [La +G(La), Lb +G(Lb)] as
([La, Lb] +G([La, Lb])− (Gj¯ba −Gj¯ab)G¯(L¯j¯))
+ (Gj¯ba −Gj¯ab)(L¯j¯ + G¯(L¯j¯)) + ((La(Gj¯bk)− Lb(Gj¯ak))K¯kj¯ −G([La, Lb])),
then only the first line is not an obstruction to integrability. The first term on
the second line is in σ∗ω−1(g−1,0⊕ (p+⊗C)) provides an algebraic obstruction for
integrability and the second term on the second line is in σ∗ω−1(g0,1 ⊕ (p+ ⊗ C))
provides a differential obstruction for integrability. Similarly,
[La +G(La),K
b¯
c ] = K
b¯
c(G
j¯
ak)K¯
k
j¯
is the final obstruction for integrability.
Since the pairing g0,1 ⊗ g−1,−1 → g−1,0 given by Lie bracket is non–degenerate
and g0,1 is irreducible g0,0–module, the conditions
Gj¯ba −Gj¯ab = 0
provide strong restrictions on the CR geometry. Firstly, there should be no semisim-
ple component of g0,0 that acts only on g−1,−1, and g−1,−1 should also be irreducible
g0,0–module. Moreover, dim(g0,1) should be larger or equal to dim(g−1,−1).
The cases in Table 1 that satisfy these conditions are only the cases with g =
sp(2N,R),Σ1 = {1}.
The cases in Table 2 that satisfy these conditions are only the cases with g =
g2(2),Σ1 = {1}. We can observe that Gj¯ba −Gj¯ab = 0 is satisfied in this case due to
dimensional reasons.
Now, we discuss the genericity of the second–order Levi–Tanaka algebra (g−, I, k)
corresponding to the cases from the Tables 1 and 2. Firstly, we recall that g− is
generic in our situation only if:
(1) k = 2 and dim(g−2) = 1,
(2) k = 3 and dim(g−1) = 2, dim(g−2) = 1, dim(g−3) = 2.
Further, let us fix g− and consider g˜0 consisting of grading preserving derivations
of g−. We need to look on G˜0,I–orbits of k inside of the space of complex antilinear
derivation in g˜0. In all cases except
(1) k = 2 and dim(g−2) = 1 other than (Sp(2N,R), P1),
(2) (Sl(N + 1,R), P1,1+2s),
g˜0 = g0 and the genericity of k is trivially satisfied.
In the case (Sl(N + 1,R), P1,2s), g˜0 6= g0, because there are additional complex
antilinear derivations in g˜0 in a different g0–module than g0 (which contains all
complex linear derivations) and thus k is not generic in these cases.
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In the case k = 2 and dim(g−2) = 1 is g˜0 = csp(2N − 2,R), and g′0,I = u(p,N −
1−p) does not act transitively on the space of complex antilinear derivations in g˜0.
Therefore, with exception of the case (Sp(2N,R), P1), these cases are not generic.
This proves the first claim.
For the second claim, we observe that the only (due to dimensional reasons)
integrability condition is
K 1¯1(G
1¯
11) = 0,
i.e., the complex function G1¯11 is antiholomorphic along the leaves of K. If we write
σ∗ω = (id +G+ G¯+ F ) ◦ σ∗ω˜,
where F : g− ⊕ k→ g corresponds to change of normalization, then
d(σ∗ω)+[σ∗ω, σ∗ω] = d((id+G+G¯+F )◦σ∗ω˜)+[(id+G+G¯+F )◦σ∗ω˜, (id+G+G¯+F )◦σ∗ω˜]
provides the change of the structure functions. If we insert Li and σ
∗ω˜−1(Y )
for Y ∈ g−3,−2 in the the complexification of the structure function, then we get
G1¯11[σ
∗ω(K¯11¯ ), Y ] in g−3,−1, because
dσ∗ω˜(Li, Y ) + [σ
∗ω˜(Li), σ
∗ω˜(Y )] = 0,
d((G+ G¯+ F ) ◦ σ∗ω˜) ∈ g−2 ⊗ C,
[σ∗ω˜(Li), (G+ G¯+ F ) ◦ σ∗ω˜(Y )] ⊂ g−3,−2 ⊕ g−2 ⊗ C
and [(G + G¯ + F ) ◦ σ∗ω˜(Li), (id + G + G¯ + F ) ◦ σ∗ω˜(Y )] = [σ∗ω˜(G(Li)), Y ] =
G1¯11[σ
∗ω(K¯11¯ ), Y ] modulo g−3,−2⊕ g−2⊗C. Therefore G1¯11 is the additional funda-
mental invariant of the CR geometry. 
Let us provide an example of the CR geometry with g = g2(2) and nontrivial
fundamental invariant different from the harmonic curvature. We start with the
flat model for which we can obtain the following defining equations using [Gr19,
Proposition 3.7]:
ℜ(w1) =
− (z¯1z22 + z¯22z1 + 2z¯2z2
)√
2
2(z¯1z1 − 1)
ℜ(w2) = 3
√
2 (−z¯1z2 + z¯2z1)ℑ(w1)
4z¯1z1
i− 2 (z1 − z¯1)ℑ(w2)
z¯1z1
i+
((z1 + 2) z¯1 + 2z1)ℑ(w3)
z¯1z1
+
−z¯31z1z23 +
(
3z2z¯2 (z¯2 + z2) z1
2 +
(
6z¯2z2
2 + 4z2
3
)
z1 + 5z2
3
)
z¯21
4z¯1z1 (z¯1z1 − 1)2
+
− (z¯22z13 +
(−4z¯22 − 6z¯2z2
)
z1
2 − 9z2 (z¯2 + z2) z1 − 6z22
)
z¯2z¯1 + 5z¯
3
2z1
2 + 6z¯22z1z2
4z¯1z1 (z¯1z1 − 1)2
ℜ(w3) = −3
√
2 (z¯1z2 + z¯2z1)ℑ(w1)
4z¯1z1
− ((z1 − 2) z¯1 − 2z1)ℑ(w2)
z¯1z1
+
2 (z1 − z¯1)ℑ(w3)
z¯1z1
i
+
iz1z2
3z¯31 + iz2
(
3z¯2 (−z¯2 + z2) z12 +
(
4z2
2 − 2z2z¯2
)
z1 − 5z22
)
z¯21
4z¯1z1 (z¯1z1 − 1)2
+
−i (z¯22z13 +
(
4z¯22 − 6z2z¯2
)
z1
2 − 9z2 (z2 − z¯2) z1 + 6z22
)
z¯2z¯1 + i (5z¯2z1 + 6z2) z¯
2
2z1
4z¯1z1 (z¯1z1 − 1)2
We pick the following complex frame of D/K:
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L1 := − z¯1z2 + z¯2
z¯1z1 − 1
∂
∂z2
+
−i√2(z¯21z22 + 2z¯1z¯2z2 + z¯22)
(z¯1z1 − 1)2
∂
∂ℑ(w1)
+ [−3
√
2ℑ(w1) z¯2 + z¯
3
1z
2
1z2 − 2z¯21z1z2 − 2z¯1z¯2z1 + z¯21 z¯2z21 + z¯1z2
16(z¯1z1 − 1)(z¯21z21 − 2z¯1z1 + 1)
+ 3i
z¯31z1z
3
2 − z¯21 z¯22z21z2 + 4z¯31z32 − z¯21 z¯2z1z22 − z¯1z¯32z21 + 12z22 z¯2z¯21 − 3z¯21z32 − 3z¯1z¯22z1z2
16(z¯1z1 − 1)(z¯21z21 − 2z¯1z1 + 1)
+ 3i
12z2z¯
2
2 z¯1 − 5z¯1z¯2z22 − z¯32z1 + 4z¯32 − 2z¯22z2
16(z¯1z1 − 1)(z¯21z21 − 2z¯1z1 + 1)
]
∂
∂ℑ(w2)
+ [3i
√
2ℑ(w1)−z¯
3
1z
2
1z2 − z¯21 z¯2z21 + 2z¯21z1z2 − z¯1z2 − z¯2 + 2z¯1z¯2z1
16(z¯1z1 − 1)(z¯21z21 − 2z¯1z1 + 1)
− 3−2z¯
2
2z2 − 4z¯31z32 − 5z¯1z¯2z22 − 3z¯21z32 − z¯21 z¯22z21z2 + z¯31z1z32 − 12z¯1z¯22z2 − z¯1z¯32z21 − 4z¯32
16(z¯1z1 − 1)(z¯21z21 − 2z¯1z1 + 1)
− 3−12z¯
2
1z¯2z
2
2 − 3z¯1z¯22z1z2 − z¯21 z¯2z1z22 − z¯32z1
16(z¯1z1 − 1)(z¯21z21 − 2z¯1z1 + 1)
]
∂
∂ℑ(w3)
and the following complex frame of K:
K1¯1 := −
(z¯1z2 + z¯2)(z¯1z1 − 1)
z¯2z1 + z2
∂
∂z1
− (z¯1z2 + z¯2)
2
z¯2z1 + z2
∂
∂z2
− i
√
2
(z¯1z2 + z¯2)
3
2(z¯2z1 + z2)(z¯1z1 − 1)
∂
∂ℑ(w1)
+ i(z¯1z2 + z¯2)[ℑ(w3) z¯1z1 − 1
16(z¯2z1 + z2)z1
+ iℑ(w2) z¯1z1 − 1
2(z¯2z1 + z2)z1
+
3i
√
2ℑ(w1)
16z1
+
12z¯21 z¯2z1z
2
2 + 3z¯1z¯
2
2z
2
1z2 − 3z¯1z¯2z1z22 + 12z¯1z¯22z1z2 + 4z¯32z1 + 4z¯31z1z32 − 9z¯22z1z2
16(z¯2z1 + z2)z1(z¯21z
2
1 − 2z¯1z1 + 1)
+
3z¯21z1z
3
2 + z¯1z¯
3
2z
3
1 − 5z¯1z32 − 6z¯2z22 − 3z¯32z21 + 3z¯21 z¯2z21z22
16(z¯2z1 + z2)z1(z¯21z
2
1 − 2z¯1z1 + 1)
]
∂
∂ℑ(w2)
+ i(z¯1z2 + z¯2)[−ℑ(w2) z¯1z1 − 1
2(z¯2z1 + z2)z1
+ iℑ(w3) z¯1z1 − 1
2(z¯2z1 + z2)z1
− 3
√
2ℑ(w1)
16z1
+ i
−4z¯31z1z32 − 9z¯22z1z2 + 3z¯21z1z32 − 4z¯32z1 − 6z22 z¯2 − 5z¯1z32 − 3z¯32z21
16(z¯2z1 + z2)z1(z¯21z
2
1 − 2z¯1z1 + 1)
+ i
−12z¯1z¯22z1z2 + 3z¯21 z¯2z21z22 + 3z¯1z¯22z21z2 − 3z¯1z¯2z1z22 + z¯1z¯32z31 − 12z¯21 z¯2z1z22
16(z¯2z1 + z2)z1(z¯21z
2
1 − 2z¯1z1 + 1)
]
∂
∂ℑ(w3) .
It is not hard to verify that L1 and L¯1¯ generate graded Lie algebra isomorphic
to g− of (2, 3, 5) distribution and that K1¯1 maps L¯1¯ on L1 (modulo Levi kernel).
Now, we change the complex structure by taking
L1 +G1¯11K¯11¯
as a complex frame of D/K. In this chosen frame, the integrability condition of the
CR geometry takes form
K 1¯1 (G
1¯
11) = K1¯1(G1¯11) +
2z¯1(z¯1z2 + z¯2)
z¯2z1 + z¯1
G1¯11 = 0,
where we determined K 1¯1 using [Gr19, Proposition 4.2]. The solver of differential
equations in Maple software did not provide general solution of this PDE. Assuming
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that G1¯11 does not depend on the w’s we get a class of solutions
G1¯11 =
F (z¯1, z¯2,
z¯1z2+z¯2
z¯1(z¯1z1−1)
)
(z¯1z1 − 1)2
depending on one function F of three variables. By construction, this is the only
fundamental invariant of this CR geometry.
7. Fundamental invariants in sp(2N,R),Σ1 = {1} case
In the sp(2N,R),Σ1 = {1} case (independently of the choice of g′0,I = u(p,N−1−
p)), we can (locally) construct a pseudo–G0–structure of type g− on the leaf space
with leafs corresponding to integral manifolds of the Levi kernel K. However, this is
not enough to determine a contact projective geometry, i.e., there are many possible
underlying parabolic geometries of type (Sp(2N,R), P1). Since the fundamental
invariants for the case N = 2 are well–known, see [IZ13, Poc13, KK19], we consider
only the case N > 2.
The bigrading of sp(2N,C) takes the following (1, N − 1, N − 1, 1)–block matrix
form:


W L¯∗i¯ L∗i J∗
i¯i
L¯i¯ V
i¯
j¯
K¯j
i¯
L∗i
Li K
j¯
i −V ji −L¯∗i¯
J i¯i Li −L¯i¯ −W

 ⊂


g0,0 g1,0 g1,1 g2,1
g−1,0 g0,0 g0,1 ∗
g−1,−1 g0,−1 ∗ ∗
g−2,−1 ∗ ∗ ∗

 ,
whereW,J, J∗ ∈ C, L, L¯, L∗, L¯∗ ∈ CN−1, K ∈ S2CN−1, V ∈ CN−1⊗CN−1 and the
indices indicate, how these vectors are represented as rows, columns, and matrices
(i.e., the ∗ entries in the second matrix are dependent on the other entries). In
what follows, we do not need know, how sp(2N,R) sits as a real form in sp(2N,C).
However, let us emphasize that this real form depends on the signature of the Levi
form, i.e., on g′0,I = u(p,N − 1− p).
Let emphasize that for a chosen Weyl structure, the entries J i¯i, J∗
i¯i
represent
the Levi–form that can be used to lower and raise indices, i.e., K j¯i J
∗
jj¯
= Kij =
Kji = K
i¯
jJ
∗
i¯i
is a symmetric matrix. Therefore the algebraic integrability condition
from proof of Theorem 6.1 can be interpreted such that Gj¯ikJ
∗
jj¯
= Gijk is totally
symmetric.
Theorem 7.1. Let (M,D, I) be a 2–nondegenerate CR geometry with second–order
Levi–Tanaka algebra (g−, I, k) corresponding to sp(2N,R),Σ1 = {1}, N > 2 case.
Then K¯l¯m¯(Gijk) decomposes into irreducible submodules of S
3g∗−1,−1 ⊗ S2g∗−1,0:
(1) to (a complexification of) a fundamental invariant in the highest weight
component,
(2) to a section ω−1,00,1 of G0×G0,I g∗−1,0⊗g0,1 in the other nonzero components,
where K¯ lm¯ are the constant vector fields for the Maurer–Cartan form on (an open
subset of) G0 provided by subgroup exp(g−) ⋊ G0,I of the automorphisms of a flat
contact projective geometry acting (locally) transitively on G0.
The remaining (complexification of) fundamental invariant is
Kij(ω
−1,−1
0,−1 ) + ω
−1,0
0,1 •Kij ,
where ω−1,−10,−1 is conjugated to ω
−1,0
0,1 and • is an action of ω−1,00,1 on g0,−1 given by
the (adjoint) action of a (symmetric) matrix in g0,0 on g0,−1.
This is a generic case of N2+N − 1–dimensional 2–nondegenerate CR subman-
ifolds in C
N(N+1)
2 with (N − 1)N–dimensional Levi–kernel.
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Proof. As in the proof of Proposition 5.2, for every x, we consider G0 over sufficiently
small neighborhood U as an open subset N × G0, where N is the leaf space with
leafs corresponding to integral manifolds of the Levi kernel K. Now, different G0–
equivariant extensions of the pseudo one–forms θi to g−–valued one–forms on T (N×
G0) such that the property (4) of pseudo–G0–structure holds for the extensions
modulo gi+j+1 define different contact projective geometries, see [CˇS09, Section
4.2]. Among them, there is a flat contact projective geometry (G → N, ω˜) which
is according to Theorem 5.1 the only contact projective structure such that the
corresponding complex structure I˜ on the correspondence space is integrable. So
as before, we obtain a section G of G0 ×G0,I g∗−1,−1 ⊗ g0,1 corresponding to I − I˜.
Since the normalization of the flat contact projective geometry (G → N, ω˜) and
the absolute parallelism ω solving the equivalence problem of CR structures from
[Gr19, Section 4.2] differ, we measure the difference of the complexifications of
the pullbacks σ∗ω, σ∗ω˜ by a Weyl structure σ : G0 → G of the contact projective
geometry using the following formula
σ∗ω = (id + ωi,jk,l) ◦ (σ∗ω˜ +G),
where ωi,jk,l are sections of G0×G0,I g∗i,j ⊗ gk,l. A priory, σ∗ω has the following block
structure


0 ω−2,−11,0 ω
−2,−1
1,1 ω
−2,−1
2,1
0 ω−2,−10,0 ω
−2,−1
0,1 ∗
0 ω−2,−10,−1 ∗ ∗
1 0 0 0

 ◦ θ−2,−1
+


ω′−1,−10,0 ω
−1,−1
1,0 ω
−1,−1
1,1 ω
−1,−1
2,1
0 ω−1,−10,0 0 ∗
1 ω−1,−10,−1 ∗ ∗
0 0 0 ∗

 ◦ θ−1,−1
+


ω′−1,00,0 ω
−1,0
1,0 ω
−1,0
1,1 ω
−1,0
2,1
1 ω−1,00,0 ω
−1,0
0,1 ∗
0 0 ∗ ∗
0 0 0 ∗

 ◦ θ−1,0
+


0 ω0,−11,0 ω
0,−1
1,1 ω
0,−1
2,1
0 0 0 ∗
0 1 0 ∗
0 0 0 0

 ◦ (θ0,−1 − G¯ji¯k¯θ−1,0)
+


0 ω0,11,0 ω
0,1
1,1 ω
0,1
2,1
0 0 1 ∗
0 0 0 ∗
0 0 0 0

 ◦ (θ0,1 −Gj¯ikθ−1,−1)
+ωG0,0 ,
where θi,j is the decomposition of the complexification of the pseudo one–forms
θi according to the bigrading and ωG0,0 is the complexification of Maurer–Cartan
form on G0,I . Let us emphasize that the component

ωG0,0 0 0 0
θ−1,0 ωG0,0 θ0,1 ∗
θ−1,−1 θ0,−1 ∗ ∗
θ−2,−1 ∗ ∗ ∗


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is the complexification of the Maurer–Cartan form on the Lie group exp(g−) ⋊
G0,I ⊂ G0 provided by the automorphisms of the flat model (G → N, ω˜) on an open
subset of G0. We evaluate the structure equations on the constant vector fields
w.r.t. this Maurer–Cartan form and obtain sections Rm,ni,j;k,l of
G0 ×G0,I g∗i,j ⊗ g∗k,l ⊗ gm,n.
We proceed by investigating the normalization conditions on Rm,ni,j;k,l according
to their homogeneity w.r.t. the grading given by Σ1 = {1}.
In homogeneity 1, we can use the vanishing ofR−1,−1−2,−1;0,1, R
−2,−1
−2,−1;−1,−1, R
−1,0
−2,−1;0,1
and their conjugates to normalize
ω0,−11,0 = 0, ω
0,−1
1,1 = 0, ω
0,1
1,0 = 0, ω
0,1
1,1 = 0, ω
′−1,0
0,0 = 0, ω
′−1,−1
0,0 = 0.
Further, we can use vanishing of R−1,−1−1,0;−1,−1 and their conjugates to normalize
ω−1,00,0 = −ω−1,−10,−1 , ω−1,−10,0 = ω−1,00,1 .
Thus it remains to normalize ω−1,00,1 and ω
−1,−1
0,−1 that are conjugated.
What remains in homogeneity 1 is
R0,1−1,−1;0,1 = d0,1G+ ω
−1,0
0,1 ([θ−1,−1, θ0,1]) + [ω
−1,−1
0,0 ◦ θ−1,−1, θ0,1]
and
R0,−1−1,−1;0,−1 = d0,−1ω
−1,−1
0,−1 + [ω
−1,−1
0,0 ◦ θ−1,−1, θ0,−1]
and their conjugates. We can decompose d0,1G to highest weight component, which
provides the first fundamental invariant and we can normalize to 0 the remaining
components using
ω−1,00,1 .
The computation shows that the remaining component vanishes. Therefore only
R0,−1−1,−1;0,−1 provides the second invariant.
So it remains to show that there are no further fundamental invariants, i.e., to
show that, if we assume that these invariants vanish, then ω is flat Cartan con-
nection. We can compute that there is no nonzero Rm,ni,j;k,l in homogeneity 1 under
this assumption. We can not present the further computations in detail, because
there are too many differential consequences of the integrability conditions and the
assumption of the vanishing of the above invariant. We used the computer algebra
program Maple with its DifferentialGeometry package [AT16] for these computa-
tions.
In homogeneity 2, we can use the vanishing ofR′0,0−2,−1;0,1, R
−1,−1
−2,−1;−1,0, R
−1,−1
−2,−1;−1,−1
and their conjugates to normalize
ω0,12,1 = 0, ω
0,−1
2,1 = 0,
ω−1,−11,0 = ω
−2,−1
0,0 , ω
−1,−1
1,1 = ω
−2,−1
0,1 , ω
−1,0
1,0 = −ω−2,−10,−1 , ω−1,01,1 = (ω−2,−10,0 )T .
Then we can use vanishing of R0,0−1,−1;−1,−1 and its conjugate to determine
ω−2,−10,−1 , ω
−2,−1
0,1
and we can use vanishing of R1,0−1,−1;0,1, R
1,1
−1,−1;0,1, R
0,1
−2,−1;0,1 and their conjugates
to determine
ω−2,−10,0 .
After this, one can check that all other components of Rm,ni,j;k,l in homogeneity 2
vanish under our assumptions.
In homogeneity 3, we can use the vanishing of R′0,0−2,−1;−1,−1 and its conjugate
to normalize
ω−1,02,1 = ω
−2,−1
1,0 , ω
−1,−1
2,1 = ω
−2,−1
1,1 .
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Then we can use vanishing of R1,0−1,−1;−1,0 and their conjugates to determine
ω−2,−11,0 , ω
−2,−1
1,1 .
After this, one can check that all other components of Rm,ni,j;k,l in homogeneity 3
vanish under our assumptions.
In homogeneity 4, we can use vanishing of R2,1−1,−1;−1,0 to determine
ω−2,−12,1 .
This completely determines σ∗ω and one can check that all Rm,ni,j;k,l vanish, i.e., high-
est weight component of R0,1−1,−1;0,1 and R
0,−1
−1,−1;0,−1 are the fundamental invariants
of these CR geometries.
The genericity follows from the discussion in the proof of Theorem 6.1. 
Let us provide an example for the case N = 3. We start with the flat model, for
which we can obtain the following defining equation using [Gr19, Proposition 3.7]:
ℜ(w) = 1
P
(−2z¯1z1 − 2z¯2z2 +
(
z¯5z3z5 − z¯5z42 − z3
)
z¯21 +
(
z¯3z¯5z5 − z¯24z5 − z¯3
)
z1
2
− 2 (z¯4z3z5 − z¯4z42 + z4
)
z¯1z¯2 − 2
(
z¯3z¯5z4 − z¯24z4 + z¯4
)
z1z2
+ 2 (z¯4z4 + z¯5z5) z¯1z1 − 2 (z¯4z3 + z¯5z4) z¯1z2 − 2 (z¯3z4 + z¯4z5) z¯2z1
+ 2 (z¯3z3 + z¯4z4) z¯2z2 +
(
z¯3z¯5z3 − z¯24z3 − z¯5
)
z2
2 +
(
z¯3z3z5 − z¯3z42 − z5
)
z¯22),
P := z¯3z¯5z3z5 − z¯3z¯5z42 − z¯24z3z5 + z¯24z42 − z¯3z3 − 2z¯4z4 − z¯5z5 + 1,
We pick the following complex frame of D/K :
L1 := ∂
∂z1
√
P − i ∂
∂ℑ(w)
2Q√
P
L2 := ∂
∂z1
T +
∂
∂z2
S − i ∂
∂ℑ(w)2U
Q := z¯3 z¯5 z1 z5 − z¯3 z¯5 z2 z4 − z¯24z1 z5 + z¯24z2 z4 + z¯1 z¯4 z4 + z¯1 z¯5 z5
− z¯2 z¯3 z4 − z¯2 z¯4 z5 − z1 z¯3 − z¯4 z2 − z¯1
S := z¯4z4 + z¯5z5 − 1
T := z¯4z3 + z¯5z4
U := z¯4z1 + z¯5z2 + z¯2
and the following complex frame of K :
K1¯1 := −
∂
∂z1
Q
S
− ∂
∂z3
P
S
+ i
∂
∂ℑ(w)
Q2
SP
K1¯2 +K2¯1 := −
∂
∂z1
(
2TQ√
PS
− Q
′
√
P
)− ∂
∂z2
Q√
P
− ∂
∂z3
2T
√
P
S
− ∂
∂z4
√
P
+ i
∂
∂ℑ(w) (
2Q2T
P
√
PS
+
2QQ′
P
√
P
)
K2¯2 := −
∂
∂z1
(
QT 2
PS
− QT
P
)− ∂
∂z2
(
QT
P
− Q
′S
P
)− ∂
∂z3
T 2
S
− ∂
∂z4
T − ∂
∂z5
S
+ i
∂
∂ℑ(w) (
Q2T 2
P 2S
+
2QQ′T
P 2
− Q
′2S
P 2
)
Q′ := z¯3z¯5z1z4 − z¯3z¯5z2z3 − z¯24z1z4 + z¯24z2z3 + z¯1z¯4z3 + z¯1z¯5z4 − z¯2z¯3z3 − z¯2z¯4z4
+ z¯4z1 + z¯5z2 + z¯2
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It is not hard to verify that L1,L2 and L¯1, L¯2 generate graded Lie algebra iso-
morphic to g− of a contact distribution and that K1¯1,K1¯2 +K2¯1,K2¯2 map appropriate
L¯i¯ on Lj (modulo Levi kernel).
We construct complexification of the pullback s∗σ∗ω, where s : M → G0 is the
(local) section provided by our choice of the frame. We use the notation of the proof
of Theorem 7.1 and assume that s∗θ−2,−1, s
∗θ−1,−1, s
∗θ0,−1 is the dual coframe to
our frame. As in [Gr19, Section 4.1], we firstly (re)construct the infinitesimal g0–
structure, i.e., determine the image of s∗θ0,−1 in g0,0 by vanishing of the components
Rm,ni,j;k,l := s∗Rm,ni,j;k,l
of homogeneity 0, 1 w.r.t. the bigrading


W 0 0 0
s∗θ−1,0 V
i¯
j¯
s∗θ0,1 ∗
s∗θ−1,−1 s
∗θ0,−1 ∗ ∗
s∗θ−2,−1 ∗ ∗ ∗

 ,
W :=
√
P z¯4
2S
(k1¯2 + k
2¯
1) +
√
Pz4
2S
(k¯12¯ + k¯
2
1¯) +
z¯4T + z¯5S
2S
k2¯2 +
z4T¯ + z5S
2S
k¯22¯
V 1¯1¯ =
z¯4T¯ − z¯3S
2S
k1¯1 +
−z4T + z3S
2S
k¯11¯ −
√
P z¯4
2S
(k1¯2 + k
2¯
1) +
√
Pz4
2S
(k¯12¯ + k¯
2
1¯)
V 1¯2¯ =
z¯4T¯ − z¯3S
2S
(k1¯2 + k
2¯
1)−
√
P z¯4
2S
k2¯2
V 2¯1¯ = −V¯ 1¯2¯
V 2¯2¯ = −
√
P z¯4
2S
(k1¯2 + k
2¯
1) +
√
Pz4
2S
(k¯12¯ + k¯
2
1¯)−
z¯4T + z¯5S
2S
k2¯2 +
z4T¯ + z5S
2S
k¯22¯
where ki¯j are dual to K
i¯
j .
Now, we change the complex structure by taking
Li +Gj¯ikK¯kj¯
as a complex frame of D/K. The integrability conditions are quite complicated in
this case and the PDE solver in Maple software did not provide us their general
solution. Assuming, Gj¯ik = 0 except G
1¯
11 and assuming that G
1¯
11 does not depend
on w provides two sets of solutions of integrability conditions. We present here the
simpler one that depends on one complex function F of four variables:
G1¯11 =
F (z¯1, z¯3, z¯4, z¯5)S
2
√
P 3
.
We normalize the components Rm,ni,j;k,l in homogeneity 1 w.r.t. the grading given by
Σ1 as in Theorem 7.1 and obtain
s∗θ−1,−1 ◦


0 ? ? ?
0 ω−1,00,1 −Gijk ∗
1 ω−1,−10,−1 ∗ ∗
0 0 0 ∗

+ s∗θ−1,0 ◦


0 ? ? ?
1 −ω−1,−10,−1 ω−1,00,1 ∗
0 −G¯ijk ∗ ∗
0 0 0 ∗


+s∗θ−2,−1 ◦


0 ? ? ?
0 ? ? ∗
0 ? ∗ ∗
1 0 0 0

+


W 0 0 0
0 V i¯
j¯
s∗θ0,1 0
0 s∗θ0,−1 ∗ 0
0 0 0 ∗

 ,
FUNDAMENTAL INVARIANTS OF 2–NONDEGENERATE CR GEOMETRIES 21
where ? are components of higher homogeneity we do not need to compute,
(ω−1,00,1 )
1
11 = −F¯
S(z¯4T¯ − z¯3S)√
P 3
+ F¯z3
3S
10
√
P
+ F¯z1
3SQ
10
√
P 3
(ω−1,00,1 )
1
21 = −F¯
Sz¯4
P
+ F¯z3
2ST
5P
+ F¯z4
S2
5P
+ F¯z1
S(2QT − SQ′)
5P 2
(ω−1,00,1 )
1
12 = 0
(ω−1,00,1 )
1
22 = −F¯z3
S
20
√
P
− F¯z1
SQ
20
√
P 3
(ω−1,00,1 )
2
12 = 0
(ω−1,00,1 )
2
22 = 0,
and ω−1,−10,−1 is conjugated to ω
−1,0
0,1 .
We compute that there are the following nontrivial fundamental invariants
(R0,1−1,−1;0,1)11111 = −
1
2
(R0,1−1,−1;0,1)22111 = −Fz¯1
Q¯S
10
√
P 3
− Fz¯3
S
10
√
P
(R0,1−1,−1;0,1)21111 = −2(R0,1−1,−1;0,1)22211 = −Fz¯3
4ST¯
5P
− Fz¯4
2S2
5P
− 2Fz¯1
S(2Q¯T¯ − SQ¯′)
5P 2
(R0,1−1,−1;0,1)21112 = −2(R0,1−1,−1;0,1)22212 = Fz¯1
Q¯S
5
√
P 3
+ Fz¯3
S
5
√
P
(R0,1−1,−1;0,1)21211 = −Fz¯1
ST¯ U¯√
P 3
− Fz¯5
S3√
P 3
− Fz¯4
S2T¯√
P 3
− Fz¯3
ST¯ 2√
P 3
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(R0,−1−1,−1;0,−1)11111 = F
2S(−z4T + z3S)√
P 3
+ F¯
2(−z¯4T¯ + z¯3S)2√
P 3
− Fz¯1
3Q¯S
5
√
P 3
− Fz¯3
3S
5
√
P
− F¯z1
13Q(−z¯4T¯ + z¯3S)
10
√
P 3
− F¯z3
13(−z¯4T¯ + z¯3S)
10
√
P
+ F¯z1z1
3Q2
10
√
P 3
+ F¯z1z3
3Q
5
√
P
+ F¯z3z3
3
√
P
10
(R0,−1−1,−1;0,−1)12111 = F¯
2(−z¯4T¯ + z¯3S)z¯4
P
− F¯z1
(7P z¯4 + 4S(z¯5T¯ − z¯4S))Q− 2Q′(−z¯4T¯ + z¯3S)S
5P 2
− F¯z3
(7P z¯4 + 4S(z¯5T¯ − z¯4S))
5P 2
− F¯z4
2S(−z¯4T¯ + z¯3S)
5P
+ F¯z1z1
Q(QS + 2PU)
5P 2
+ F¯z1z3
Q(QS + 2PU)
5P
+ F¯z3z3
2T
5
+ F¯z1z4
QS
5P
+ F¯z3z4
S
5
(R0,−1−1,−1;0,−1)11112 = F
z4S
P
− Fz¯1
S(2Q¯T¯ − SQ¯′)
5P 2
− Fz¯3
2ST¯
5P
− Fz¯4
S2
5P
(R0,−1−1,−1;0,−1)12112 = Fz¯1
Q¯S
20
√
P 3
+ Fz¯3
S
20
√
P
+ F¯z1
Q(−z¯4T¯ + z¯3S)
20
√
P 3
+ F¯z3
(−z¯4T¯ + z¯3S)
20
√
P
− F¯z1z1
Q2
20
√
P 3
− F¯z1z3
Q
10
√
P
− F¯z3z3
√
P
20
(R0,−1−1,−1;0,−1)21111 = F¯
2(−z¯4T¯ + z¯3S)z¯4
P
− F¯z1
(7P z¯4 + 4S(z¯5T¯ − z¯4S))Q− 2Q′(−z¯4T¯ + z¯3S)S
10P 2
− F¯z3
(7P z¯4 + 4S(z¯5T¯ − z¯4S))
10P 2
− F¯z4
4S(−z¯4T¯ + z¯3S)
5P
+ F¯z1z1
3Q(QS + 2PU)
10P 2
+ F¯z1z3
3Q(QS + 2PU)
10P
+ F¯z3z3
3T
5
+ F¯z1z4
3QS
10P
+ F¯z3z4
3T
10
(R0,−1−1,−1;0,−1)22111 = F¯
2z¯24√
P
− F¯z1
2(3z¯4SQ
′ +Q(5z¯4T − z¯5S))
5
√
P 3
− F¯z3
2(5z¯4T − z¯5S)
5
√
P
− F¯z4
6z¯4S
5
√
P
+ F¯z1z1
(2TQ− SQ′)2
5
√
P 5
+ F¯z1z3
4(2TQ− SQ′)T
5
√
P 3
+ F¯z3z3
4T 2
5
√
P
+ F¯z1z4
2S(2TQ− SQ′)
5
√
P 3
+ F¯z3z4
4TS
5
√
P
+ F¯z4z4
S2
5
√
P
(R0,−1−1,−1;0,−1)21112 = F
S(−z4T + z3S)√
P 3
+ F¯
S2√
P 3
− Fz¯1
Q¯S
4
√
P 3
− Fz¯3
S
4
√
P
− F¯z1
7Q(−z¯4T¯ + z¯3S)
20
√
P 3
− F¯z3
7(−z¯4T¯ + z¯3S)
20
√
P
(R0,−1−1,−1;0,−1)22112 = F¯
(−z¯4T¯ + z¯3S)z¯4
P
− F¯z1
(7P z¯4 + 4S(z¯5T¯ − z¯4S))Q− 2Q′(−z¯4T¯ + z¯3S)S
20P 2
− F¯z3
(7P z¯4 + 4S(z¯5T¯ − z¯4S))
20P 2
− F¯z4
2S(−z¯4T¯ + z¯3S)
5P
− F¯z1z1
Q(QS + 2PU)
20P 2
− F¯z1z3
Q(QS + 2PU)
20P
− F¯z3z3
2T
10
− F¯z1z4
QS
20P
− F¯z3z4
S
20
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(R0,−1−1,−1;0,−1)21122 = F
2z4S
P
− Fz¯1
S(2Q¯T¯ − SQ¯′)
5P 2
− Fz¯3
4ST¯
5P
− Fz¯4
2S2
5P
(R0,−1−1,−1;0,−1)22122 = Fz¯1
Q¯S
10
√
P 3
+ Fz¯3
S
10
√
P
+ F¯z1
Q(−z¯4T¯ + z¯3S)
10
√
P 3
+ F¯z3
(−z¯4T¯ + z¯3S)
10
√
P
(R0,−1−1,−1;0,−1)21211 = F¯z1
−z¯4SQ′ + T (2z¯4Q− 5U(z¯3S − z¯4T¯ ))
5
√
P 3
− F¯z3
T (5T (−z¯4T¯ + z¯3S)− 2z¯4P )
5
√
P 3
− F¯z4
S(5T (−z¯4T¯ + z¯3S)− z¯4P )
5
√
P 3
− F¯z5
S2(−z¯4T¯ + z¯3S)√
P 3
+ F¯z1z1
3TQU
10
√
P 3
+ F¯z1z3
3T (QT + PU)
10
√
P 3
+ F¯z3z3
3T 2
10
√
P
+ F¯z3z5
3S2
10
√
P
+ F¯z1z4
3TQS
10
√
P 3
+ F¯z1z5
3QS2
10
√
P 3
+ F¯z3z4
3ST
10
√
P
(R0,−1−1,−1;0,−1)22211 = F¯z1
SUP z¯4 + T (4SQ
′z¯4 − (3z¯4T − z¯5S)Q)
5P 2
− F¯z3
T (3z¯4T − 2z¯5S)
5P
− F¯z4
S(4z¯4T − z¯5S)
5P
− F¯z5
S2z¯4
P
+ F¯z1z1
TU(QT + UP )
5P 2
+ F¯z1z3
T 2(QT + 3PU)
5P 2
+ F¯z3z3
2T 3
5P
+ F¯z3z5
2S2T
5P
+ F¯z1z4
ST (QT + 2UP )
5P 2
+ F¯z1z5
S2(QT + UP )
5P 2
+ F¯z3z4
3ST 2
5P
+ F¯z4z4
S2T
5P
+ F¯z4z5
S3
5P
(R0,−1−1,−1;0,−1)21212 = F¯
z¯4(−z¯4T¯ + z¯3S)
P
− F¯z1
7Qz¯4
20P
− F¯z3
7z¯4
20
(R0,−1−1,−1;0,−1)22212 = F¯
z¯24√
P
− F¯z1
z¯4(QT + UP )
5
√
P 3
− F¯z3
2T z¯4
5
√
P
− F¯z4
z¯4S
5
√
P
− F¯z1z1
TQU
20
√
P 3
− F¯z1z3
(QT + UP )T
20
√
P 3
− F¯z3z3
T 2
20
√
P
− F¯z3z5
S2
20
√
P
− F¯z1z4
TQS
20
√
P 3
− F¯z3z4
TS
20
√
P
− F¯z1z5
QS2
20
√
P 3
(R0,−1−1,−1;0,−1)21222 = Fz¯1
Q¯S
10
√
P 3
+ Fz¯3
S
10
√
P
(R0,−1−1,−1;0,−1)22222 = F¯z1
Qz¯4
10P
+ F¯z3
z¯4
10
We can check that these CR geometries are flat if and only if F = 0.
Appendix A. Five–dimensional uniformly 2-nondegenerate
submanifolds in C3
The case sp(4,R),Σ1 = {1} is well-studied and it is known that there are two fun-
damental invariants W and J , see [Poc13, Gr19]. The results in previous Sections
allow us to construct (locally) all corresponding CR geometries.
We use the defining equation
ℜ(w) = z¯2 z1
2 + z¯21z2 + 2 z¯1 z1
2(z¯2z2 − 1)
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and we pick the following complex frame of D/K:
L1 := ∂
∂z1
+ i
∂
∂ℑ(w)
z1z¯2 + z¯1
z¯2z2 − 1
and the following complex frame of K:
K1¯1 := −
∂
∂z1
(z1z¯2 + z¯1)− ∂
∂z2
(z¯2z2 − 1)− i ∂
∂ℑ(w)
(z1z¯2 + z¯1)
2
2(z¯2z2 − 1)
It is not hard to verify that L1 and L¯1 generate graded Lie algebra isomorphic
to g− of a contact distribution and that K
1
1 maps L¯1 on L1 (modulo Levi kernel).
We construct complexification of the pullback s∗σ∗ω, where s : M → G0 is the
(local) section provided by our choice of the frame. We use the notation from
the proof of Theorem 7.1 and assume that s∗θ−2,−1, s
∗θ−1,−1, s
∗θ0,−1 is the dual
coframe to our frame. As in [Gr19, Section 4.1], we firstly construct the infinites-
imal g0–structure, i.e., determine the image of s
∗θ0,−1 in g0,0 by vanishing of the
components s∗Rm,ni,j;k,l of homogeneity 0, 1 w.r.t. the bigrading


W 0 0 0
s∗θ−1,0 V s
∗θ0,1 ∗
s∗θ−1,−1 s
∗θ0,−1 ∗ ∗
s∗θ−2,−1 ∗ ∗ ∗

 ,
W := − z¯2
2
k1¯1 −
z2
2
k¯11¯
V := − z¯2
2
k1¯1 +
z2
2
k¯11¯
where k1¯1 is dual to K1¯1.
Now, we change the complex structure by taking
L1 +G1¯11K¯11¯
as a complex frame of D/K. The integrability of CR geometry is given by the
equation
K 1¯1(G
1¯
11) = K1¯1(G1¯11)− 2z¯2G1¯11 = 0
for which the solver of differential equations in Maple software provides general
solution
G1¯11 =
F (z¯1, z¯2,
z¯2z1+z¯1
z¯2z2−1
, i z1(z¯2z1+z¯1)z¯2z2−1 − 2v)
(z¯2z2 − 1)2
depending on one function of four variables.
We know from [Gr19, Section 4.3] that we need to normalize the components
Rm,ni,j;k,l := s∗Rm,ni,j;k,l
in homogeneity 1 and 2 w.r.t. the grading given by Σ1 in order to obtain the
fundamental invariants
W = −1
3
R0,−1−1,−1;0,−1
and
J = 1
12
R0,1−2,−1;−1,−1.
Following the normalization in [Gr19, Section 4.3], we obtain
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s∗θ−1,−1 ◦


0 ω−2,−10,0 ω
−1,−1
1,1 ?
0 ω−1,00,1 −G1¯11 ∗
1 ω−1,−10,−1 ∗ ∗
0 0 0 ∗

+ s∗θ−1,0 ◦


0 ω−1,01,0 ω
−2,−1
0,0 ?
1 −ω−1,−10,−1 ω−1,00,1 ∗
0 −G¯11¯1¯ ∗ ∗
0 0 0 ∗


+s∗θ−2,−1 ◦


0 ? ? ?
0 ω−2,−10,0 −ω−1,−11,1 ∗
0 −ω−1,01,0 ∗ ∗
1 0 0 0

+


W 0 0 0
0 V s∗θ0,1 0
0 s∗θ0,−1 ∗ 0
0 0 0 ∗

 ,
where ? are components in higher homogeneity that we do not need to determine,
ω−1,00,1 , ω
−1,0
1,0 are conjugated to ω
−1,−1
0,−1 , ω
−1,−1
1,1 and
ω−1,−10,−1 = −
K 1¯1(G¯
1
1¯1¯)
3
,
ω−1,−11,1 = G
1¯
11
K¯11¯ (K¯
1
1¯ (G
1¯
11))
12
− K¯
1
1¯(G
1¯
11)
2
18
− L¯1¯(G
1¯
11)
4
+
L1(K¯11¯ (G1¯11))
12
ω−2,−10,0 = −
G1¯11G¯
1
1¯1¯
4
− K¯
1
1¯(K¯
1
1¯ (K¯
1
1¯ (G
1¯
11)))G
1¯
11 +K
1¯
1 (K
1¯
1 (K
1¯
1 (G¯
1
1¯1¯)))G¯
1
1¯1¯
24
− L1(K¯
1
1¯ (K¯
1
1¯ (G
1¯
11))) + L¯1¯(K 1¯1 (K 1¯1(G¯11¯1¯)))
24
− K
1¯
1(G¯
1
1¯1¯)K¯
1
1¯ (G
1¯
11)
12
− K
1¯
1 (G¯
1
1¯1¯)K
1¯
1 (K
1¯
1 (G¯
1
1¯1¯)) + K¯
1
1¯ (G
1¯
11)K¯
1
1¯ (K¯
1
1¯ (G
1¯
11))
72
,
where K¯11¯ (f) = K1¯1(f) + a(f)z2f and a(f) are the integers representing the action
of W (K1¯1), V (K1¯1) in g0,0 on the g0,0–module in which f takes values. For example,
a(G1¯11) = 1 or a(K¯
1
1¯(G
1¯
11)) = 0.
This provides
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W = −1
3
R0,−1−1,−1;0,−1 = −
2K¯11¯(G
1¯
11)
9
− K
1¯
1 (K
1¯
1 (G¯
1
1¯1¯))
9
= −F 2z2
3(z¯2z2 − 1)2 + F1
2(z2z¯1 + z1)
9(z¯2z2 − 1)2 + F2
2(z2z¯1 + z1)
9(z¯2z2 − 1)
+ iF4
2(z2z¯1 + z1)
2
9(z¯2z2 − 1) − F¯
2z¯22
3(z¯2z2 − 1)2 + F¯1
4z¯2(z¯2z1 + z¯1)
9(z¯2z2 − 1)2 + F¯2
4z¯2
9(z¯2z2 − 1)
− iF¯4 4z¯2(z¯2z1 + z¯1)
2
9(z¯2z2 − 1) − F¯1,1
(z¯2z1 + z¯1)
2
9(z¯2z2 − 1)2 − F¯1,2
2(z¯2z1 + z¯1)
9(z¯2z2 − 1) + iF¯1,4
2(z¯2z1 + z¯1)
3
9(z¯2z2 − 1)3
− F¯2,2 1
9
+ iF¯2,4
2(z¯2z1 + z¯1)
2
9(z¯2z2 − 1)2 + F¯4,4
(z¯2z1 + z¯1)
4
9(z¯2z2 − 1)4
J = 1
12
R0,1−2,−1;−1,−1 = −
1
144
G1¯11 K¯
1
1¯(G
1¯
11) K¯
1
1¯ (K¯
1
1¯ (G
1¯
11))−
1
12
[L1, L¯1¯](G1¯11)
+
1
324
K¯11¯(G
1¯
11)
3
+
1
144
L1(L1(K¯11¯ (G1¯11)))−
1
48
L1(L¯1¯(G1¯11))
+
1
144
L1(G1¯11) K¯11¯ (K¯11¯ (G1¯11)) +
1
144
K¯11¯ (K¯
1
1¯ (K¯
1
1¯ (G
1¯
11))) (G
1¯
11)
2
+
1
72
G1¯11 L1(K¯11¯ (K¯11¯ (G1¯11))) +
1
72
K¯11¯ (G
1¯
11) L¯1¯(G1¯11)−
1
72
K¯11¯(G
1¯
11)L1(K¯11¯ (G1¯11))
− 1
72
G1¯11 L¯1¯(K¯11¯ (G1¯11)).
The formula for J in terms of the function F is too long to be presented here.
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